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Relations for computing the heat-transfer and friction coefficients for 
a fully developed turbulent flow with macrovortices ate derived on 
the basis of an analysis of experimental heat-transfer data obtained 
for an annular channel with a rotating inner cylinder. 

E x p e r i m e n t a l  h e a t - t r a n s f e r  inves t iga t ions  fo r  ax ia l  
f luid f lows th rough  annular  channels  with a ro t a t i ng  in* 
her  c y l i n d e r  [1, 2] showed tha t  for  cons tan t  va lues  of 
the Reynolds  number  Re > 2000, an i n c r e a s e  in r o t a -  
t iona l  speed  at f i r s t  does  not affect  the  h e a t - t r a n s f e r  
coef f ic ien t  ( turbulent  s ta te ) ;  a f t e r  some  t ime ,  the h e a t -  
t r a n s f e r  coef f i c ien t  i n c r e a s e s  smoo th ly  ( turbulent  
s t a t e  with m a c r o v o r t i e e s ) ,  and f ina l ly  the r e l a t i o n  
Nu = f (Ta )  b e c o m e s  va l id  fo r  any Reynolds  number .  
The l a t t e r  s t a t e ,  where  hea t  t r a n s f e r  is  d e t e r m i n e d  
s o l e l y  by the ro t a t i ona l  speed  and is independent  of 
the ax ia l  mot ion  of the h e a t - t r a n s f e r  agent,  wil l  be 
t e r m e d  the frilly deve loped  tu rbu len t  f low with m a c r o -  
v o r t i c e s .  The autonomy of the f low r a t e  of the h e a t -  
t r a n s f e r  agent  and of the h e a t - t r a n s f e r  i n t ens i ty  is  an 
i m p o r t a n t  c h a r a c t e r i s t i c  of th is  s t a t e ;  i t  can be used  
in  des ign ing  cool ing  s y s t e m s  and hea t  exchange r s  hav-  
ing ro t a t i ng  h e a t - t r a n s f e r  s u r f a c e s .  

In the g e n e r a l i z a t i o n  of e x p e r i m e n t a l  h e a t - t r a n s f e r  
da t a  fo r  an annu la r  channel  with a ro t a t ing  inne r  
cy l inde r ,  we wi l l  use  a p e r i p h e r a l  Reynolds  number  
(Reu) and the T a y l o r  n u m b e r  (Ta). The f i r s t  number  
d e s c r i b e s  the  inf luence  of the  ro t a t i ona l  speed  on the 
v e l o c i t y  of the  h e a t - t r a n s f e r  agent  r e l a t i v e  to the  s u r -  
face,  while  the second  d e s c r i b e s  the  inf luence  of the  
m a s s  f o r c e s  on the f low [3]. T h e s e  number s  a r e  r e -  
l a t ed  by the s i m p l e  e x p r e s s i o n  

Ta = Re, gb--~l �9 (1) 

P r o c e s s i n g  of e x p e r i m e n t a l  h e a t - t r a n s f e r  da t a  fo r  
s y s t e m s  d i f f e r ing  in t h e i r  r e l a t i v e  c l e a r a n c e  [4-6] 
showed tha t  fo r  s t a t e s  whe re  ro t a t i on  has  an effect  on 
h e a t - t r a n s f e r  in tens i ty ,  g e n e r a l i z a t i o n  of e x p e r i m e n -  
t a l  da t a  on the b a s i s  of the T a y l o r  number  m a k e s  i t  
p o s s i b l e  to obta in  unique Nu = f (Ta )  r e l a t i o n s  fo r  a 
wide r a n g e  of g e o m e t r i c a l  s y s t e m  p a r a m e t e r s .  

The r e s u l t s  of e x p e r i m e n t a l  h e a t - t r a n s f e r  i n v e s t i -  
ga t ions  f o r  t u rbu l en t  flow with m a c r o v o r t i c e s  in a 
channel  with a r o t a t i n g  inne r  c y l i n d e r  without ax ia l  
flow of the h e a t - t r a n s f e r  agent  a r e  g e n e r a l i z e d  by  the 
f o r m u l a  [6] 

Nu* = 0.092 (Ta2Pr) 1/a . (2) 

This  f o r m u l a  is  obta ined  fo r  b / r  1 = 0 . 0 6 - 3 . 5 ,  and 
is  r e c o m m e n d e d  by  the au thors  fo r  T a  = 2 �9 10 ~- 
6 �9 105. A i r ,  wa te r ,  and methy l  a lcohol  were  used  as  
~he h e a t - t r a n s f e r  agent  in the e x p e r i m e n t s .  

In F ig .  1, the curve  (a) c o r r e s p o n d s  to f o r m u l a  (2) 
and shows the e x p e r i m e n t a l  da ta  on the b a s i s  of which 
the f o r m u l a  was obta ined .  Curve  00) c h a r a c t e r i z e s  
the hea t  t r a n s f e r  in an annular  channel  without ax ia l  
f low of the h e a t - t r a n s f e r  agent  fo r  l a m i n a r  f low with 
m a c r o v o r t i c e s .  I t  is  p lo t ted  on the b a s i s  of the d i m e n -  
s i o n l e s s  equat ion [5] 

Nu* = 0.42 (Ta2Pr)V 4 (3) 

fo r  P r  = 1. 
F r o m  F i g u r e  1, i t  m a y  be  s e e n  tha t  on the b a s i s  

of the  e x p e r i m e n t a l  da ta  [6], r e l a t i o n  (2) s t i l l  ho lds  
fo r  Ta  = 2 �9 103, thus conf i rming  the p o s s i b i l i t y  of ob-  
ta in ing  both l a m i n a r  f low and t u rbu l en t  f low with m a -  
c r o v o r t i c e s  at  T a y l o r  numbers  r ang ing  f r o m  2 �9 103 - 
2.104.  The onse t  of tu rbu lence  at  Ta  < 104, o b s e r v e d  
in  [6], m a y  be a t t r i bu ted  to the ac t ion  of add i t iona l  ex-  
t e r n a l  ef fec ts  on the f low dur ing  the e x p e r i m e n t s .  
Such effects  might  have o c c u r r e d  in the  f o r m  of v i b r a -  
t ions of the ro t a t i ng  cy l i nde r .  

K o s t e r i n  and F i n a t ' e v  have i nves t i ga t ed  the hea t  
t r a n s f e r  in an annu la r  channel  with a ro t a t i ng  inne r  
c y l i n d e r  fo r  the ca se  of ax ia l  f low of the  h e a t - t r a n s f e r  
agent  [1]. The e x p e r i m e n t s  were  p e r f o r m e d  with a i r  
at  b / r  1 = 0.271 and Re = 2 .5  �9 1 0 3 - 3  �9 104. These  ex -  
p e r i m e n t a l  r e s u l t s ,  p r o c e s s e d  in the f o r m  of the r e l a -  
t ion N u * / P r  1/~ =f (Ta) ,  a r e  a l so  shown in F ig .  1. The 
e x p e r i m e n t a l  da t a  fo r  a i r  were  p r o c e s s e d  under  the 
a s s u m p t i o n  that  P r  = 0 .7 .  M o r e o v e r ,  b e c a u s e  of the  
s i m i l a r  h e a t - t r a n s f e r  condi t ions  at  the s u r f a c e  of the  
i n n e r  and o u t e r  c y l i n d e r s ,  the  to ta l  h e a t - t r a n s f e r  c o -  
e f f ic ient  was taken  as  ha l f  the  h e a t - t r a n s f e r  coef f i c ien t  
a t  the  i nne r  s u r f a c e .  

The dashed  c u r v e s  in F ig .  1 c o r r e s p o n d  r e s p e c t i v e -  
ly  to the N u * / P r  1/3 = f (Ta)  r e l a t i o n s  fo r  t u rbu len t  f low 
and fo r  tu rbu len t  f low with m a c r o v o r t i c e s ,  while  the  
e x p e r i m e n t a l  points  c o r r e s p o n d  to ful ly  deve loped  t u r -  
bulent  f low with m a c r o v o r t i c e s .  F r o m  the f igure ,  i t  
can  be  seen  tha t  the hea t  t r a n s f e r  for  fu l ly  deve loped  
flow with m a c r o v o r t i c e s  is  s a t i s f a c t o r i l y  d e s c r i b e d  
by  f o r m u l a  (2). Consequent ly ,  fo r  fu l ly  deve loped  t u r -  
bulent  f low with m a c r o v o r t i c e s ,  ax ia l  f low does  not 
af fec t  the  h e a t - t r a n s f e r  coef f i c ien t ,  but r a t h e r  c o n s t i -  
tu tes  the cause  fo r  the onse t  of t u rbu lence  in the f low 
and hence,  de f ines  the f low condi t ions  of the f lu id .  

B e c a u s e  of the s i m i l a r i t y  of the  h e a t - t r a n s f e r  con-  
d i t ions  fo r  t u rbu len t  f low with m a c r o v o r t i c e s  in the 
a bse nc e  of ax ia l  flow, and fo r  fu l ly  deve loped  t u r b u -  
len t  f low in the p r e s e n c e  of ax ia l  flow, one m a y  
a s s u m e  that  the dependence  of the f r i c t i o n  coef f ic ien t  
on the ro t a t i ona l  speed  is  a l so  s i m i l a r  fo r  t h e s e  
f lows.  We sha l l  d e r i v e  th is  dependence  on the b a s i s  
of h y d r o d y n a m i c  h e a t - t r a n s f e r  t h e o r y .  
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Fig.  1. Dependence of Nu*/Prl/~ on the Tay lo r  and Reynolds num- 
be r s  with and without axial flow: (a) and 0o) a re  respee t ive ly  the 
turbulent  and l aminar  flow with mae rovor t i ce s  without axial flow 
of the h e a t - t r a n s f e r  agent, (c) data f r o m  [6] for  b/r~ = 0 . 0 6 - 3 . 5 ,  

(d) data f rom [1] for  b / r  1 = 0.271, (1) Re = 3 �9 104; (2) Re = 2"104; 
(3) Re = 1 . 4 5 . 1 0 4 ;  (4) Re = 1 . 1 0 4 ;  (5) Re = 3  .103;(6)Re = 2 . 5 . 1 0  a. 
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Fig. 2. F r ic t ion  coefficient  as a function of the Tay lo r  number:  
(a) for  b / r  1 = 0.05, {b) for  b / r j  = 0.1; (1) f r o m  formula  (11), 

(2) f rom formula  (7), (3) f r o m  formula  (12). 
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Borisenko and Yantovskii [7] established a relation 

between Nu* and the friction coefficient for an annular 

channel with a rotating inner cylinder with axial flow 
of the heat-transfer agent, under the assumption that 

mPr = 1 for air. Here, m is the ratio of the turbulent 

heat-exchange coefficient to the momentum-exchange 
coefficient, which, according to Prandtl's data, lies 
between I. 4 and i. 5 for a plane surface. The relation 
obtained, 

Nu* = c~Re,, (4) 

was used by the authors  of [7] for de r iv ing  a fo rmula  
to ca lcula te  the heat  t r a n s f e r  in the c l ea rance  for  
! a m i n a r  flow with m a e r o v o r t i e e s .  

Because  of the approximate  na ture  of some of i ts  
assumpt ions ,  the hydrodynamic  h e a t - t r a n s f e r  theory 
does not agree  too well  with the exper iment .  Expe r i -  
menta l  data concern ing  heat  t r a n s f e r  and hydrodyna-  
mic r e s i s t a n c e  for l a m i n a r  flow with m a c r o v o r t i e e s  
a re  now avai lab le  which a re  well  sui ted for  a s s e s s -  
ing the accuracy  of fo rmula  (4). 

We shal l  in t roduce into the r igh t -hand  side of fo r -  
mula  (4) a coeff icient  e that takes into account  the 
d i sc repancy  between theory and exper imen t .  With a l -  
iowance for  the physica l  c h a r a c t e r i s t i c s  of the fluid 
[5], and us ing the expres s ions  (4) and (1) for  l a m i n a r  
flow with mac rovo r t i c e s ,  we get 

Nu* / b  
e =  1.1 cfTa prl/4 ~-1" (5) 

In addition to fo rmula  (3), heat  t r a n s f e r  for  l a m i -  
nar  flow with m a e r o v o r t i e e s  is desc r ibed  by [2] 

Nu* = 0.409 Ta* 0.482 (6) 

obtained for a i r  at Ta* = 102-3.16 �9 103 and b / r  m = 
= 0. 054-0 .  246. 

Es t ima te s  of the hydrau l ic  r e s i s t a n c e  under  the 
condit ions s tudied can be obtained with the aid of 
Wagne r ' s  f o rmu la  

c t -~ 0,76 (b/rx)3/~' Ta -~ (7) 
l - -  1/(1 + b / r l )  ~ 

which gene ra l i ze s  expe r imen ta l  data obtained for 
Ta = 90-6  �9 103 and b / r  1 = 0. 0278-0 .  1018 [4], and 
Wendt ' s  f o r m u l a  [8]: 

c~ = 0.46 (b/rl) ~ Re2 ~ (8) 

obtained for  Re u = 4 �9 102-104. 
By us ing  fo rmu la s  (3) and (8), one gets e = 0.83, 

while fo rmulas  (6) and (7) lead to 

e ~ 0.5 1 (I -~b/q) ~ r-A~lb Ta-~176 (9) 

(for s m a l l  r e l a t i ve  c l ea rances ,  where Ta  ~ Ta* . )  
F o r  Ta  = 102 and b / r l  = 0 . 0 5 - 0 . 1 ,  fo rmula  (9) 

y ie lds  e = 0. 837 -0 .79 ,  while for  Ta  = 10 a i t  y ields  
= 0 .775--0 .717.  

Thus,  for  l a m i n a r  flow with mac rovo r t i c e s ,  hydro-  
dynamic  theory  developed on the bas i s  of t u rbu len t  

flow concepts co r r e l a t e s  sa t i s fac to r i ly  with the ex- 
p e r i m e n t  at e ~ 0.77. It should be noted that c lose  
co r r e l a t i on  between the quant i ta t ive  h e a t - t r a n s f e r  r e -  
la t ions  for l a m i n a r  flow with ma c r ovo r t i c e s  and t u r -  
bulent  flow i n t he  absence  of m a s s  forces  was observed 
in  the inves t iga t ion  of other  s y s t e m s .  This phenomenon 
is desc r ibed  for c u r v i l i n e a r  channels  in [9]. 

F o r  tu rbu len t  flow with mac rovor t i ce s ,  when the 
inf luence of the physica l  c h a r a c t e r i s t i c s  of the fluid is 
taken into account by the factor  Prl/3 [6], fo rmula  (4) 
can be reduced to the fo rm 

Nu* --- ~ a.13 e c t Ta Pr ~/3 (10) 

Having es t imated  Nu* f rom fo rmula  (2), we get 

c ~ -  0.0817 Ta_,/3 v / - b  - ~. ~(. (11) 

F o r  fully developed tu rbu len t  flow with m a c r o v o r -  
r ices,  this fo rmula  is appl icable  for Ta = 2 �9 103- 
6" 105, while for tu rbu len t  flow with m a c r o v o r t i c e s  
in the absence  of axial  flow, it  is appl icable  for  Ta >_ 
~> 104. 

In F i g u r e  2, the curves  (1) a re  plotted f rom fo rmu-  
la (11) for  b / r  1 values  of 0.05 (solid curve) and 0.1 
(dashed curve),  at e = 0 .77.  F o r  compar i son ,  Fig .  1 
includes the curves  (2), plotted for l a m i n a r  flow with 
ma c r ovo r t i c e s  on the bas i s  of fo rmula  (7) for  the 
s ame  values  of b/r1,  and the curves  (3), plotted f rom 
the theore t i ca l  fo rmula  [10] 

t 
-- 5.464 q- 3.536 In Re, V~-t (12) 

for  the f r i c t ion  coeff icient  in an annu la r  channel  with 
a ro ta t ing  inne r  cy l inder  for  tu rbu len t  flow. The fo r -  
mula  was obtained without al lowance for  pa r t i c l e  t r a -  
j ec to ry  d i s to r t ions  or  secondary  flows. 

It may  be seen  f rom Fig .  2 that  fo rmula  (12) differs  
apprec iab ly  f rom (11) in r ega rd  to the na ture  of the 
dependence of cf  on Ta  and b / r  1. 

The condit ions under  which ful ly developed t u r b u -  
lent  flow with m a c r o v o r t i c e s  wil l  occur  can be e s t i -  
mated approximate ly  on the bas i s  of the expe r imen ta l  
h e a t - t r a n s f e r  data obtained in [1]. F r o m  an ana lys i s  
of expe r imen ta l  data obtained for  Re = 2.5 �9 10a-3 �9 
�9 !0 a, it  proved poss ib le  to obtain a fo rmula  for  the 
c r i t i c a l  Tay lor  n u m b e r  in  the form:  

Tact = 133.5 Re ~ . (13) 

F o r  Ta  - Tacr ,  a fully developed tu rbu len t  flow with 
m a c r o v o r t i c e s  wil l  occur  in  an annu la r  channel .  

NOTATION 

b is the c l e a r a nc e  (spacing be tween the su r faces  of 
two concen t r i c  cy l inde r s ) ;  cf  = T/(pu2/2)is the f r ic - -  
t ion coeff ic ient ;  Fg = f ( b / r m )  ; Nu* = 2b ce*/k is the 
Nusse l t  n u m b e r ;  P r  is the P rand t l  n u m b e r ;  q is the 
specif ic  heat  f lux;  r 1 is the rad ius  of the i n n e r  cy l in -  
de r ;  r m is the m e a n  rad ius  of the annu la r  channe l ;  
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Re = 2bw/~ is the Reynolds number  for  axial flow; 
Reu = bu /v  is the per iphera l  Reynolds number ;  t i and 
t 2 a re  the sur face  t empera tu re s  of the inner  and ou- 
t e r  cyl inder ,  r e spec t ive ly ;  t r  is the mean  t e m p e r a -  

. 112 ,~3/2 tu re  of the f lmd;  T a = wr b ~/~ is the Taylor  num- 
b e r ;  Ta* = T a / F g  is the imodified Tay lo r  number ;  u 
is the pe r iphera l  speed on the inner cy l inder ;  w is 
the mean  axial flow ra te ;  ~ = q/( t  i - t f )  is the hea t -  
t r a n s f e r  coeff icient ;  c~* = q/ ( t  1 - t2) is the total hea t -  
t r a n s f e r  coeff ic ient ;  e is the co r rec t ion  fac to r ;  X is 
the coefficient  of t he rma l  conductivi ty of the fluid; 

is the kinemat ic  v i scos i ty  fac to r ;  p is the densi ty  of 
the fluid; �9 is the f r ic t ion  s t r e s s ;  w is the angular  
veloci ty  of the inner  cyl inder .  
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